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HOMOCLINIC ORBITS AND LAGRANGIAN EMBEDDINGS
SAMUEL T. LISI
Abstract. This paper introduces techniques of symplectic topology to the
study of homoclinic orbits in Hamiltonian systems. The main result is a strong
generalization of homoclinic existence results due to Se´re´ and to Coti-Zelati,
Ekeland and Se´re´ [1212, 1255, 5], which were obtained by variational methods.
Our existence result uses a modification of a construction due to Mohnke
[1010, 10] (originally in the context of Legendrian chords), and an energy–
capacity inequality of Chekanov [44, 4]. In essence, we show the existence of a
homoclinic orbit by showing a certain Lagrangian embedding cannot exist.
We consider a (possibly time dependent) Hamiltonian system on an exact
symplectic manifold (W,ω = dλ) with a hyperbolic rest point.
In the case of periodic time dependence, we show the existence of an orbit
homoclinic to the rest point if λ(XH ) − H is positive and proper, H is posi-
tive outside a compact set and proper, and (W,ω) admits the structure of a
Weinstein domain.
In the autonomous case, we establish the existence of an orbit homoclinic to
the rest point if the critical level is of restricted contact-type, and the critical
level has a Hamiltonian displaceable neighbourhood.
1. Introduction
In this work, we establish the existence of homoclinic orbits for certain classes
of Hamiltonian systems. Similar results in this direction were obtained by Coti-
Zelati, Ekeland and Se´re´ [55, 5] for time-dependent systems (with periodic time
dependence), and by Hofer and Wysocki [99, 9] and by Se´re´ [1212, 12] in the au-
tonomous case. Their results use variational methods and global analysis. In this
work, the result is an application of methods from symplectic topology, notably
of an energy–capacity inequality of Chekanov [44, 4], the basic idea of which goes
back to work of Floer and of Gromov with pseudoholomorphic disks in symplectic
manifolds [77, 788, 8].
Given a symplectic manifold (M,ω) and a C2 function H : S1 ×M → R, we
define the (time dependent) Hamiltonian vector field XHt by iXHtω = −dHt, for
each t ∈ S1 = R/Z. In the case that H is independent of t, we say it is an
autonomous (or time independent) Hamiltonian. We let φt be the flow of this
dynamical system.
If the function H(t, ·) has a critical point at x0 ∈M for all t ∈ S1, the point x0
is a fixed point of the flow. Any solution which is asymptotic to x0 in both forward
and backward time is said to be an orbit homoclinic to x0.
The question of the existence of homoclinic orbits traces back to work of Poincare´.
Most recent results have used variational methods (as, for instance, in the articles
by Se´re´ and by Coti-Zelati, Ekeland and Se´re´, and also as discussed in Rabinowitz’s
survey article [1111, 11]).
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In this article, we will use symplectic topology methods. These methods have
proved surprisingly effective at answering existence questions for periodic orbits,
starting with Floer’s work on the Arnol′d Conjecture [66, 6]. The key point of the
argument will be to adapt to the homoclinic setting a construction originally used
by Mohnke in the context of Reeb Chords (“brake” orbits) [1010,10]. This permits
us to transform the question of existence of homoclinic orbits into one of existence of
Lagrangian embeddings. This latter question is well studied in symplectic topology
by means of pseudoholomorphic disks.
In order to state the results, we will review a number definitions from symplectic
topology.
A symplectic manifold (W,ω) is exact if ω = dλ, for a one form λ on W . We say
(W,ω, Y, F ) is a Weinstein domain if (W,ω) is a symplectic manifold, LY ω = ω, F
is an exhausting Morse function onW , and Y is gradient-like for F . Furthermore, if
W is non-compact, we require the vector field Y to be complete. If W is compact,
we require the boundary to be a regular level of F . In particular, a Weinstein
domain is an exact symplectic manifold, with a primitive given by iY ω.
Following Gromov [88, 8], we say that the non-compact symplectic manifold
(W,ω) is geometrically bounded if there exists an almost complex structure J such
that ω(·, J ·) is a Riemannian metric on W whose sectional curvature is bounded
above and whose injectivity radius is bounded below. We also refer to such almost
complex structures as having bounded geometry.
A diffeomorphism Φ : W → W is said to be a Hamiltonian diffeomorphism if
it is the time 1 map of a time dependent Hamiltonian flow. To such a Φ, we may
associate the Hofer norm, denoted ||Φ||. This is given by taking the infimum of the
oscillation over all Hamiltonians that generate Φ :
||Φ|| = inf
Ht generates Φ
∫ 1
0
(sup
W
Ht − inf
W
Ht) dt.
A set S ⊂ W is said to be Hamiltonian displaceable if there exists a (time
dependent) Hamiltonian F : [0, 1] ×W → R, with compact support, so that the
time one map Ψ of the flow of XF displaces the closure of S, i.e. Ψ(S) ∩ S = ∅.
A hypersurface M in an exact symplectic manifold (W,ω = dλ) is of restricted
contact-type if λ|M is a contact form on M . In the special case of a hypersurface
given as a regular level set of a function F , this is equivalent to having λ(XF ) 6= 0
on M .
By analogy, we say that a Hamiltonian vector field XHt with periodic time
dependence is Reeb-like if λ(XHt)−Ht > 0. Equivalently, this is the condition that
Λ = λ−Htdt is a contact form on S1 ×W .
We establish the following two results :
Theorem 1.1. Let (W,ω = dλ) be an exact symplectic manifold of dimension 2n,
of bounded geometry, and H :W → R an autonomous Hamiltonian with H(x0) = 0
and dH(x0) = 0, and with x0 a hyperbolic zero of XH .
Suppose that H−1(0) ⊂ W is compact and of restricted contact–type away from
x0, i.e. λ(XH) > 0 on H
−1(0) \ {x0}.
If for any neighbourhood U of x0, H
−1(0) \U is Hamiltonian displaceable in W ,
then there exists an orbit of the Hamiltonian vector field XH homoclinic to x0.
Theorem 1.2. Let (M,ω, Y, F ) be a Weinstein domain of dimension 2n, such that
the vector field Y is complete. Let λ = iY ω.
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Let H : S1 ×M → R be a time dependent Hamiltonian, with periodic time de-
pendence (S1 = R/Z). Let XHt denote the associated time dependent Hamiltonian
vector field.
Suppose H(t, x0) ≡ 0, dH(t, x0) ≡ 0 and XHt has a hyperbolic zero at x0 for all
t ∈ S1. Assume that the Hamiltonian system is Reeb-like away from x0, i.e.
(1) λ(XHt)−Ht > 0 on M \ {x0}.
and that both H(t, ·) and λ(XHt) − Ht are proper for each t ∈ S
1 and that H is
positive outside a compact set.
Then, there exists an orbit homoclinic to x0.
In particular, by Theorem 1.1, taking W = R2n, we obtain the result due to
Se´re´ [1212, 12]. In the non-autonomous case, specialising to the case M = R2n,
Theorem 1.2 generalizes the class of Hamiltonians for which the existence result of
Coti-Zelati, Ekeland and Se´re´ [55, 5] holds, but we do not obtain their multiplicity
result. (We note that their super-quadratic growth condition implies the conditions
of the theorem.) Cieliebak and Se´re´ [22, 233, 3] have also generalized [55, 5] : they
give a lower bound for the number of homoclinic orbits under conditions somewhat
more restrictive than the ones we consider here. In particular, they work on a
cotangent bundle, and require a form of super-quadratic growth on λ(XHt) −Ht.
In the time dependent case, they show there are infinitely many unparameterized
homoclinic orbits.
A simple example of a Hamiltonian system in which Theorem 1.2 is applicable
is a generalization of the superquadratic Hamiltonians considered by [55, 5] to the
case of a cotangent bundle. Indeed, let M be a compact manifold. The cotangent
bundle T ∗M has a canonical symplectic structure ω = dΘ =
∑
dpi ∧ dqi, where
Θ =
∑
pidqi is the Liouville 1–form. Let g be a Riemannian metric on M , which
we then dualize to obtain a metric on T ∗M . Consider a Hamiltonian H on T ∗M
of the following form :
H(t, q, p) =
1
2
||p||2 − V (q) +R(t, q, p),
where we take V : M → R to be a Morse function with V ≥ 0 and with a unique
minimum q0 at which V (q0) = 0, and R : S
1 × T ∗M → R to be one–periodic, with
R(t, q0, 0) = 0, dR(t, q0, 0) = 0 and d
2R(t, q0, 0) = 0. In this case, (q0, 0) is a critical
point of the Hamiltonian, satisfying all the non-degeneracy conditions. If we take
R super-quadratic in p, we obtain the case of [22,233,3]. Consider instead the more
general case in which R has super-linear growth : suppose there exists a constant
µ ≥ 1 so that
0 ≤ R(t, q, p) ≤
1
µ
dR
[∑
pi
∂
∂pi
]
.
Then, H will be positive for ||p|| large, and is proper. Furthermore,
Θ(XHt)−Ht =
1
2
||p||2 + V (q) + dR[Y ]−R
≥
1
2
||p||2 + V (q) + (µ− 1)R
≥
1
2
||p||2 + V (q).
Then, Θ(XHt)−Ht is positive away from (q0, 0) and is proper. Thus, by Theorem
1.2, there exists an orbit homoclinic to (q0, 0).
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A more elaborate class of examples for which the hypotheses of Theorem 1.1 are
verified comes from Weinstein domains [1313,13] :
Corollary 1.3. Let (W 2n, ω, F, Y ) be a Weinstein domain. Suppose there is a
unique critical point x0 on the level set F = 0, of Morse index n. Suppose fur-
thermore that any critical point y with F (y) < 0 has Morse index strictly less than
n.
If x0 is a hyperbolic zero of XF , then there exists an orbit homoclinic to x0.
In essence, the idea in both the proof of Theorem 1.1 and in the proof of Theorem
1.2 is that the unstable manifold of the rest point is a non-compact, immersed,
exact Lagrangian submanifold (of a suitably chosen symplectic manifold). Using a
construction of Mohnke’s [1010, 10], we thicken the unstable manifold in order to
construct a closed Lagrangian submanifold (no longer exact). In the autonomous
case, this thickening is possible by the condition that the level set is of restricted
contact type. In the non-autonomous case, the thickening is possible because the
Hamiltonian vector field is Reeb-like, and because λ(XHt)−Ht is proper. Then, by
Chekanov’s result that the displacement energy of a closed Lagrangian is bounded
from below by the area of a pseudoholomorphic disk, we will show that non-existence
of homoclinic orbits prevents a neighbourhood from being Hamiltonian displaceable.
In the autonomous case, this contradicts our hypothesis. In the non-autonomous
case, we use the fact that Ht is positive outside a compact set to embed the whole
problem in C ×M . Here, again, we obtain a contradiction from the fact that a
compact region in C×M can always be displaced by a Hamiltonian diffeomorphism.
We will first prove Theorem 1.1. In this case already, the ideas behind the
construction become apparent. We will then prove Theorem 1.2, emphasizing the
main differences from the autonomous case.
Acknowledgements. I would like to thank Helmut Hofer for many fruitful dis-
cussions and for helpful suggestions. I would also like to thank Octav Corne´a for
many helpful suggestions for improving the exposition. I would finally like to thank
the anonymous referee for many outstanding suggestions for improvements, and for
meticulous attention to detail.
2. The autonomous case
Proof of Theorem 1.1. We will argue by contradiction. Suppose there are no ho-
moclinic orbits on the level H = 0.
First, we will show the unstable manifold to the rest point x0,W
u, is an immersed
exact Lagrangian (i.e. i∗λ = dG for some function G :Wu → R). Furthermore, we
will show that G is proper.
By the hypothesis that x0 is a hyperbolic zero of the Hamiltonian vector fieldXH ,
the unstable manifold exists. We recall that the unstable manifold is an immersed
Rn. Let us denote this immersion by i : Rn # W , i(Rn) = Wu, with i(0) = x0.
Furthermore, for any compact set K ⊂ Rn, i|K : K → W is an embedding. Note
that the stable/unstable manifolds of a rest point in a Hamiltonian system are
isotropic submanifolds of W . Observe that if µ is an eigenvalue of the linearization
of XH at x0, then −µ is also. Since, by hypothesis, there are no purely imaginary
eigenvalues, it follows that both the stable and unstable manifolds, W s and Wu,
are n-dimensional and hence are Lagrangian. Thus, i is a Lagrangian immersion :
i∗ω = 0.
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Observe that i∗λ is a closed form on Rn since d(i∗λ) = i∗dλ = i∗ω = 0, and
hence is exact. Thus, i∗λ = dG for some function G : Rn → R. We may set
G(0) = 0. The vector–field XH is tangent to W
u, and so we may pull XH |Wu back
to Rn using i−1. We will write Z = i−1∗XH |Wu . We have dG[Z] = λ(XH) ≥ 0,
with equality only at 0. Let φˆt denote the flow of Z on R
n. Then, i ◦ φˆt = φt ◦ i.
We observe furthermore that for all t ∈ R :
(2) G(φˆt(x))−G(x) =
∫ t
0
d
dτ
G(φˆτ (x))dτ =
∫ t
0
λ(XH)|φτ (x)dτ.
Thus, G has no critical points away from 0, and level sets of G are transverse to Z.
Thus, G(x) ≥ 0 with G = 0 only at 0.
First, we have that G−1(c) is a sphere for small, positive values of c. Indeed,
by the Stable/Unstable manifold theorem, there is a positive quadratic form N(x)
on Rn so that in a neighbourhood of 0, the norm N(x) is increasing along orbits
of Z. Consider the sphere S := {N(x) = δ0} for δ0 sufficiently small. Let c
be the minimum of G on this sphere. Then c > 0 and G−1(c) is contained in
{x |N(x) ≤ δ0} and thus is compact. Furthermore, G−1(c) is diffeomorphic to S,
where the diffeomorphism is given by following the flow lines of Z. It follows that
G−1(c) is a sphere for c > 0 sufficiently small.
We will now show that G is proper by using the assumption of non-existence of
periodic orbits. Let 0 < a < b. By assumption, there are no orbits homoclinic to
x0. Thus, there exists a neighbourhood U of x0, so for all 0 ≤ t ≤ b + 1, for all
x /∈ U , φt(x) /∈ U . Let c > 0 be sufficiently small that G−1(c) is a sphere. By
shrinking U , we may assume that G−1(c) ∩ U = ∅.
By the compactness ofH−1(0)\U , there exists a constant cU so λ(XH) ≥ cU > 0
on H−1(0) \U . Let Uˆ = i−1(U). Then, by Equation (2), for x ∈ Rn \ Uˆ and t > 0 :
(3) G(φˆt(x)) −G(x) ≥ cU t.
Observe also that for any x ∈ Rn,
(4) lim
t→−∞
G(φˆt(x)) = 0.
The properness of G now follows from these two facts. Indeed, consider a se-
quence of points xn ∈ R
n so that G(xn) is in [a, b] and converges :
lim
n→∞
G(xn) = g ∈ [a, b].
Then, by (4), there exists a sequence of times tn ∈ R so that G(φˆtn(xn)) = c.
By (3), the sequence tn is bounded, independently of n. From above, G
−1(c) is a
sphere, and hence, compact. Thus, there exists a subsequence nk, a real number t∗
and a point y ∈ G−1(c) ⊂ Rn so that :
φˆtn
k
(xnk)→ y and tnk → t∗.
Observe that the map (t, x) 7→ φˆt(x) is continuous. Thus,
lim
k→∞
xnk = lim
k→∞
φˆ−tn
k
(
φˆtn
k
(xnk)
)
= φˆ−t∗(y).
The properness of G now follows.
We will now show that there exists a positive constant S and a bijective im-
mersion ı˜ of [−S, 0] × (Wu \ U) # W so that ı˜∗λ = esdG. Indeed, since dλ is a
symplectic form, there exists a vector field Y so that dλ(Y, ·) = λ. By Cartan’s
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formula, LY λ = λ. Furthermore, dH [Y ] = λ(XH) > 0 away from x0. Hence, Y is
transverse to the level set H−1(0) \ {x0}. Let ψs be the flow of the vector field Y .
By the compactness of H−1(0), there exists S > 0 so that
σ : [−S, 0]×H−1(0) \ U −→W
(s, x) 7→ ψs(x)
is an embedding. We now consider the following embedding :
(5)
ı˜ : [−S, 0]×G−1([a, b]) −→W
(s, x) 7→ ψs ◦ i(x)
.
From LY λ = λ and i
∗λ = dG, it follows that :
(6) ı˜∗λ = esdG.
On the other hand, by hypothesis, there exists a Hamiltonian diffeomorphism
Φ with compact support and finite Hofer norm ||Φ|| displacing H−1(0) \ U . Thus,
there exists 0 < S′ ≤ S so that Φ displaces the image of [−S′, 0] × (Wu \ U). In
particular, it displaces the image of [−S′, 0]×G−1[a, b] for all b > a.
The result now follows by contradiction to the following result of Mohnke [1010,
10], a corollary to a deep result of Chekanov [44, 4]. 
Theorem 2.1 (Mohnke). Let (W 2n, ω = dα) be an exact symplectic manifold, of
bounded geometry. Let L be a compact manifold of dimension n, with boundary.
Suppose G : L → R is a Morse function, so that ∂L = G−1(a) ∪ G−1(b), where
a and b are regular values of G.
Suppose there exists an S > 0, and an embedding p : [−S, 0] × L → W so
p∗α = esdG, where s is the coordinate on [−S, 0]. Suppose furthermore there exists
a Hamiltonian diffeomorphism Φ : W → W , of compact support and with finite
Hofer norm ||Φ||, displacing the image of p.
Then, (1− e−S)|b − a| ≤ ||Φ||.
Sketch of proof. The idea of the proof is to approximate the boundary of the image
of p by a smooth Lagrangian. We will take a < b.
For each ǫ > 0, let µǫ : [−S, 0] × [a, b] → R so that 0 is a regular value, and
µ−1ǫ (0) is a smooth circle Cǫ approximating the boundary of [−S, 0] × [a, b], with
(1 − e−S)(b − a) − ǫ ≤
∫
Cǫ
esdt ≤ (1 − e−S)(b − a). We arrange, furthermore, that
∂µǫ
∂s
(s, t) = 0 only at t = a or t = b.
We now let L¯ǫ = {(s, x) |µǫ(s,G(x)) = 0}. This is a smooth, closed submanifold
of [−S, 0] × L. Let Lǫ = p(L¯ǫ) be the image under the embedding p. This is a
closed Lagrangian submanifold of (W,ω). Furthermore, for any disk u : D → W
with u(∂D) ⊂ Lǫ, by Stokes’ Theorem and construction, there is a κ ∈ Z so :
(7)
∫
D
u∗ω =
∫
∂D
u∗α = κ
(
(1− e−S)(b − a)− ǫ
)
.
(The integer κ is the winding of u(∂D) around the circle Cǫ.)
By hypothesis, the Lagrangian Lǫ can be displaced from itself by Φ. Thus, by
an energy–capacity inequality due to Chekanov [44, 4], we have the existence of a
non-constant pseudoholomorphic disk u with boundary in Lǫ and for which the
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symplectic area is a priori bounded :
∫
u∗ω ≤ ||Φ||. A non-constant pseudoholo-
morphic disk has positive area, so we combine this with (7) to obtain :
(8) 0 < (1− e−S)(b − a)− ǫ ≤
∫
D
u∗ω ≤ ||Φ||.
This holds for any ǫ > 0, and the result now follows. 
Proof of Corollary 1.3. It suffices to verify that for any neighbourhood U of x0,
F−1(0) \ U is Hamiltonian displaceable in a suitable symplectic manifold. We will
first recall some results from symplectic topology on Weinstein domains.
We say that a Weinstein domain of dimension 2n is subcritical if the Morse
indices of the critical points of F have index no greater than n − 1. We say it is
complete if the flow of Y exists for all time (in particular then, W is non-compact
and without boundary).
There is a natural method to construct a complete Weinstein domain, given a
compact one with boundary. Suppose W is compact, and its boundary is a regular
level of F . From this, we construct a completion, which we denote by (W˜ , ω˜, Y˜ , F˜ ).
We set M = ∂W . The completion W˜ is obtained by gluing on the symplectization
R+×M to the boundary of W and extending Y, F and ω over this. This now gives
a complete Weinstein domain.
By Biran and Cieliebak [11; 1, Lemma 3.2], any compact set in a complete
subcritical Weinstein domain is Hamiltonian displaceable.
Let U be an open neighbourhood of x0 in W . Let δ > 0 so that F has no critical
values in the interval [−δ, 0). We then let W˜ be the completion of the subcritical
Weinstein domain F−1((−∞,−δ]). We now observe that by following the flow of
Y , we may identify F−1(0)\U with a compact set in the positive symplectization of
F−1(δ), and thus with a compact set in W˜ . The result now follows by the Lemma
of Biran and Cieliebak.

3. The time dependent case
Most of the elements of the proof for the autonomous case carry through to the
time-independent case, but some new difficulties arise. Recall that by hypothesis,
(M,ω, Y, F ) is a Weinstein domain, with Y a complete vector field. Let λ = iY ω
denote the corresponding primitive of the symplectic form. The Hamiltonian H :
S1 × M → R, (t, x) 7→ Ht(x) defines a 1-periodic time-dependent Hamiltonian
vector field XHt . Furthermore, dHt(x0) = 0 for all t, and XHt has a hyperbolic
zero at x0 for all t. By hypothesis, λ(XHt) − Ht ≥ 0, with equality only at x0.
This condition implies that S1 × (M \ {x0}) is a contact manifold with contact
form Λ = λ − Htdt. This, in turn, is a hypersurface of restricted contact type in
R× S1 × (M \ {x0}).
As in the autonomous case, we construct a closed, embedded Lagrangian ap-
proximation to the unstable manifold. The non-compactness ofM introduces some
extra subtleties in carrying out the rest of the argument. First of all, we will use
the fact that λ(XHt) −Ht is proper to show that non-existence of homoclinic or-
bits contradicts Hamiltonian displaceability of the Lagrangian approximation to
the unstable manifold. Then, we will use the hypotheses that H is positive outside
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a compact set, that λ(XHt) −Ht and H are both proper, and that M is a Wein-
stein domain to construct a symplectic embedding in C×M , where the image has
a priori bounded displacement energy.
Proof of Theorem 1.2. The proof will again be by contradiction. Assume there do
not exist orbits homoclinic to x0.
Let φt denote the flow of XHt on M . With t ∈ R/Z, let X =
∂
∂t
+XHt . Denote
the flow of X by φ˜. Recall that S1× (M \ {x0}) is a contact manifold with contact
form Λ = λ−Htdt.
By hypothesis, φ1 : M → M has a hyperbolic fixed point at x0. We thus have
the existence of the unstable manifold, an immersed Rn # Wu0 ⊂ M . We denote
this immersion by p0, with p0(0) = x0. As in the autonomous case, since x0 is a
hyperbolic fixed point and since Dφ1(x0) is a linear symplectic map, the unstable
manifoldWu0 is an immersed Lagrangian submanifold. Thus, there exists a function
g :Wu0 → R with g(0) = 0, so that p0
∗λ = dg. Define now
p˜ : R× Rn → S1 ×M
(t, x) 7→ (t (mod 1), φt ◦ p0(x)).
Let
Ŵu = R× Rn/ ∼
where (t, x) ∼ (s, y) if t ≡ s (mod 1) and φt(p0(x)) = φs(p0(y)). Then, p˜ descends
to a smooth function p : Ŵu → S1 ×M . Let Wu = p(Ŵu). Observe that X is
tangent to Wu, so we may define Z = p−1∗X |Wu on Ŵ
u.
Denote by P the map from R×M to S1 ×M by following the flow of X .
(9)
P : R×M → S1 ×M
(t, x) 7→ (t mod 1, φt(x))
Equivalently, this corresponds to (t, x) 7→ φ˜t(0, x).
Let A be the action of the trajectory through x, followed for time t.
(10)
A : R×M → R
(t, x) 7→
∫ t
0
φτ
∗ (λ(XHτ ))−Hτ (φτ (x)) dτ.
By hypothesis, A is positive for t > 0 and x 6= x0. Observe that A(t, x) =∫ t
0
Λ(X)|φ˜τ (0,x)dτ . This corresponds to the right hand side of Equation (2) in
the autonomous case. For fixed t ∈ R, we will denote by At : M → R the map
x 7→ A(t, x).
We now have
φt
∗λ− λ =
∫ t
0
d
dτ
φτ
∗λdτ
=
∫ t
0
φτ
∗(LXHτ λ)dτ
=
∫ t
0
d(φτ
∗(λ(XHτ )−Hτ ))dτ
= dAt(x).
(11)
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From this, it follows
P ∗Λ = −P ∗(Htdt) + P
∗λ
= −Ht(φt(x))dt + φt
∗λ+ λ(XHt)dt
= λ+ (φt
∗λ− λ) + (−Ht(φt(x)) + λ(XHt)|φt(x))dt
= λ+ dA.
Hence,
p˜∗Λ = d (g +A(·, p(·))) .
Considering (11) in the special case of x ∈Wu0 , we also obtain
(12) g(p−10 (φ1(x))) − g(p
−1
0 (x)) = A(1, x).
We will now show that G˜ := g+A(·, p(·)), defined on R×Wu0 descends to a smooth
function on Ŵu, which we denote by G. Indeed, if (t, x) ∼ (s, y), we have that
s = t+ k, k ∈ Z and x = φk(y). We then obtain
G˜(s, y) = g(y) +A(s, y) = g(y) +A(t+ k, y)
= g(y) +A(k, y) +A(t, x)
= g(x) +A(t, x)
= G˜(t, x).
We will now show that by the assumption of non-existence of homoclinic orbits,
G : Ŵu → R is proper. The argument will be similar to the autonomous case.
First, by hypothesis, x0 is a hyperbolic fixed point of φ1. The unstable manifold
Wu0 is invariant under φ1, so for each integer k, let φˆk = p
−1
0 ◦ φk ◦ p0 : R
n → Rn.
Then, on Rn, there exist a norm N and constants r2 > r1 > 1 so that for all x ∈ Rn,
(13) r1N(x) ≤ N(φˆ1(x)) ≤ r2N(x).
Consider the annulus Q = {x | 1 ≤ N(x) ≤ r2}. Let c = inf{g(x) |x ∈ Q}. Then,
{x | g(x) ≤ c} ⊂ {x |N(x) ≤ r2}
and thus is compact. Indeed, if for some x, g(x) ≤ c but N(x) > r2, we would
have y = φ−1(x) with g(y) < g(x) ≤ c and r1N(y) ≤ N(x) ≤ r2N(y) and thus
1 ≤ N(y) ≤ r2.
Let 0 < a < b. By the assumption of non-existence of homoclinic orbits, there is
an open neighbourhood U of x0 so that trajectories of the vector field X starting
on Wu \ U , will not enter U for time t ≤ b + 1. By shrinking U , we may assume
that for all x ∈ Rn with p(x) ∈ U , g(φ1(x)) < min{a, c}. Let Uˆ = p
−1
0 (U). By
hypothesis, λ(XHt)−Ht is proper, and is positive on the complement of U . Thus,
there exists a constant cU > 0 so that λ(XHt)−Ht ≥ cU on M \U . It follows then
that for x ∈ Rn \ Uˆ , and for k a positive integer,
lim
k→−∞
g(φˆk(x)) = 0(14)
g(φˆk(x)) − g(x) ≥ cUk.(15)
Suppose xn ∈ Rn is a sequence with g(xn) ∈ [a, b] and with g(xn) → g. Then, by
(14), there exists a sequence of integers, kn so that
g(φˆkn(xn)) ≤ c and g(φˆkn+1(xn)) > c.
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Let yn = φˆkn(xn). Now, by (15), for each n, we obtain the following bounds :
for kn ≥ 1 : c− a ≥ g(φˆkn(xn))− g(xn) ≥ cUkn
for kn ≤ 1 : b− c ≥ g(φˆ−kn−1 ◦ φˆkn+1(xn))− g(φˆkn+1(xn)) ≥ −cU (kn + 1).
Thus, |kn| is bounded and, furthermore, the set of points with g ≤ c is compact, so
there exists a subsequence nl so that knl → k∗ and ynl → y∗. Then, xnl → φ−k∗(y∗)
is a convergent subsequence. This shows that g is proper. Now, observe that g ≥ 0
and A(·, p0(·)) ≥ 0 on [0, 1]×Rn. Thus, G˜ = g+A(·, p0(·)) is proper on [0, 1]×Rn.
It follows that G is proper on Ŵu.
Let 0 < a < b, S > 0, and U a neighbourhood of x0 inM , so that S
1×(M \U) is
forward-flow invariant, and so that G−1(a)∩U = ∅. Then there exists an embedding
:
ı˜ : [−S, 0]×G−1([a, b])→ [−S, 0]× S1 × (M \ U)
(s, x) 7→ (s, p(x)).
Note that [−S, 0] × S1 × (M \ U) is a symplectic manifold with symplectic form
d(esΛ). The embedding satisfies
ı˜∗(esΛ) = esdG.
By Lemma 3.1 (below), this may be symplectically embedded in (C×M,ω0+ω).
Furthermore, with π1 : C × M → C denoting the projection, π1 ◦ ı˜ has image
contained in a compact set K ⊂ C, with K independent of b. There exists a
Hamiltonian diffeomorphism ||Φ|| displacing K from itself, with compact support
and finite Hofer norm. LetBτ be a time dependent Hamiltonian on C, generating Φ,
of oscillation no greater than 2||Φ||. For any b > 0, the image of [−S, 0]×G−1[a, b]
lies in a compact region Ω ⊂ S1 ×M . Let β be a smooth function with compact
support, β : R× S1 ×M → [0, 1], with β = 1 on Ω. We now take the Hamiltonian
on C×M given by βBτ . This now has compact support and will displace G−1[a, b].
Furthermore, its oscillation will be no greater than 2||Φ˜||.
The result now follows by contradiction with Theorem 2.1. 
Lemma 3.1. Let (M,ω, Y, F ) be a complete Weinstein domain, with λ = iY ω the
associated primitive of ω. Let Ht : S
1 ×M → R be a one-periodic, time-dependent
Hamiltonian so that λ(XHt)−Ht is proper and is positive away from x0, so Ht is
proper and positive for all t outside of a compact region in M . Let ω0 denote the
standard symplectic form on C. Then, for any neighbourhood U ⊂ M of x0, there
exists a bijective symplectic immersion
i :
(
(−∞, 0]× S1 × (M \ U), d(esΛ)
)
→ (C×M,ω0 + ω) .
Furthermore, with π1 : C×M → C, denoting projection on to the first factor, π1 ◦ i
has bounded image.
Proof. The proof is by constructing the immersion. This is done in three steps. Let
λ = iY ω be the primitive of ω on M .
The first step is to smooth the contact form Λ near x0, to obtain a contact form
Λ¯ on S1 ×M . Indeed, by a construction in a Darboux chart, it is straightforward
to find functions P and Q with support in U so that with λ¯ = λ + dP we have
λ¯(XQ)−Q ≥ 0 and λ¯(XQ)−Q > 0 at x0. Let now H¯ = H +Q. Define
Λ¯ = λ′ − (H +Q)dt.
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Let X¯ be the vector field ∂
∂t
+XH¯t . We have Λ¯(X¯) > 0 on S
1×M . By construction,
Λ¯ and Λ agree outside of U , as do X¯ and X . Observe furthermore that with
Y¯ = Y −XP , we obtain a Liouville vector field so that iY¯ ω = λ¯. Then, dF [Y¯ ] > 0
outside of a compact region in M .
The second step is to show there exists a constant c > 0, a function f : S1×M →
R bounded above, and a diffeomorphism
Ψ : S1 ×M → S1 ×M with Ψ∗(λ¯+ cdt) = Λ¯ = λ¯− H¯tdt.
The proof of the second step is similar to that of Gray’s theorem, which does not
directly apply due to the non-compactness of S1×M . Observe that λ¯(X¯Ht)− H¯t is
positive and proper. Thus, there exists c > 0 so that c < 12 inf{λ¯(X¯Ht)−H¯t | (t, x) ∈
S1 ×M}.
Let H¯τt = τ(H¯t + c) − c, and Λ¯
τ = λ¯ − H¯τt dt. Note that Λ¯
0 = λ¯ + cdt and
Λ¯1 = Λ¯ = λ¯− H¯tdt. Observe also XH¯τ
t
= τXH¯t .
Define the following function on S1 ×M :
hτ (t, x) = −
H¯t(x) + c
τ
(
α(XH¯t)− H¯t − c
)
+ c
.
Define also the following vector field on S1 ×M :
Zτ = hτ Y¯ .
Let Φτ be the flow of Zτ on S1×M . By hypothesis, H¯t is positive outside a compact
region inM , so hτ will be negative outside a compact set. Since dF [Y¯ ] > 0 outside a
compact set, it follows that LZτF is negative outside a compact set. By hypothesis,
F is bounded below, so the flow of Zτ exists for all τ ∈ [0, 1].
By the construction of hτ , and Cartan’s formula, we obtain :
d
dτ
(
Φτ ∗Λ¯τ
)
= Φτ ∗
(
ω(Zτ , ·)− dH¯τt (Z
τ )dt+
d
dτ
Λ¯τ
)
= Φτ ∗
(
hτ ·
(
λ¯−
(
λ¯(XH¯τ
t
) +
H¯t + c
hτ
)
dt)
))
= Φτ ∗(hτ Λ¯τ ).
By integrating this equation, we obtain :
Φ1∗Λ1 = efΛ0, with f =
∫ 1
0
hτ ◦ Φ
τdτ.
Since hτ is negative outside a compact set, it is bounded from above. Thus, f is also
bounded from above. This completes the proof of the second step, with Ψ = Φ1.
The third and final step is to show that (S1 ×M, cdt + λ¯) can be realized as a
hypersurface of restricted contact type in C×M . Let ψt denote the flow of Y¯ on
M . Recall that our convention is S1 = R/Z. Consider the following embedding :
i′ : S1 ×M → C×M
(t, x) 7→
( c
π
e
1
2
f(t,x)+2πit, ψf(t,x)(x)
)
.
On C, with coordinates x + iy, we have the standard symplectic form ω0 = dλ0,
where λ0 = 1/2(xdy − ydx). A computation shows that i
′∗(λ0 + λ) = e
f (λ+ cdt).
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This embedding extends to a symplectic embedding :
ı˜′ : (−∞, 0]× S1 ×M → C×M
(s, t, x) 7→
( c
π
e
1
2
s+ 1
2
f(t,x)+2πit, ψs+f(t,x)(x)
)
.
By hypothesis, f is bounded above. Hence e
1
2
(f+s) is bounded for s ≤ 0, and
thus the image of π ◦ i′ is bounded.
The desired immersion is then given by i = ı˜′ ◦Ψ. 
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